Abstract. The aim of this paper is to apply an original computation method due to Malešević and Makragić [5] to the problem of approximating some trigonometric functions. Inequalities of Wilker-Cusa-Huygens are discussed, but the method can be successfully applied to a wide class of problems. In particular, we improve the estimates recently obtained by Mortici [1] and moreover we show that they hold true also on some extended intervals.
Introduction
In the reference [ 
for x ∈ (0, π/2) and he asked for largest constant c in 2 + cx 3 tan x < sin x x 2 + tan x x for c > 0, (2) and for x ∈ (0, π/2). Recently, Wilker inequality is a lot studied in different paper works. In the paper [3] 
for x ∈ (0, π/2). In the paper [1] , C. Mortici has proved the following two statements: The method of proving inequalites in this paper was given in the paper [5] and it is based on use of appropriate approximations of some mixed trigonometric polynomials with finite Taylor series. The method presents continuation of method of C. Mortici presented in [4] . The method from the paper [5] was applied in papers [6] and [7] on inequalities which are closely related.
The Main Results
The main purpose of our paper is to extend the intervals defined in theorems given by C. Mortici [4] . More precisely, we extend the domains (0, 1) and
from the previous theorems to 0,
. We give the next two statements. In [5] is considered a method of proving trigonometric inequalities for mixed trigonometric polynomials:
for x ∈ (δ 2 , δ 1 ), δ 2 < 0 < δ 1 , where α i ∈ R \ {0}, p i , q i , r i ∈ N 0 and n ∈ N. One method of proving inequalities in form (8) is based on transformation, using the sum of sine and cosine of multiple angles.
Let us mention some facts from [5] . m (x) present a downward approximation of the function ϕ(x) on right neighbourhood (a, a+η) of the point a of the order m. Let us note that it is possible to analogously define upward and downward approximations on some left neighbourhood of a point. According to the paper [5] following Lemmas are true:
For the value t = 0 the inequalities in (9) and (10) turn into equalities. For the values t = ± (n + 3)(n + 4) the equalities T n (t) = T n+4 (t) and T n (t) = T n+4 (t) are true, respectively.
(ii) For the polynomial T n (t) =
For the value t = 0 the inequalities in (11) and (12) turn into equalities. For the values t = ± (n + 3)(n + 4) the equalities T n (t) = T n+4 (t) and T n (t) = T n+4 (t) are true, respectively.
Let us notice that for the function sin x we have following order:
it is valid:
For the value t = 0 the inequality in (14) turns into equality. For the values t = ± (n + 3)(n + 4) the equality T n (t) = T n+4 (t) is true.
(ii) For the polynomial
For the value t = 0 the inequality in (15) turns into equality. For the values t = ± (n + 3)(n + 4) the equality T n (t) = T n+4 (t) is true.
Let us notice that for the function cos x we have following order:
Proofs of previous Lemmas given above are presented in the paper [7] .
Proofs
In order to prove Theorem 2.1. and Theorem 2.2. we will separately observe left and right sides of inequalities.
The proof of Theorem 2.1.
Transforming inequality (6) we have following considerations. 
. The inequality (17) is equivalent to the mixed trigonometric inequality
, and h1(
Now let us consider two cases:
(A/I) x ∈ (0, 1.57] Let us determine sign of the polynomial h3(x). As we see, that polynomial is the polynomial of 7 th degree
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Using the factorization of the polynomial P7(x) we have
where
for x ∈ (0, 1.57]. Introducing the substitution s = x 2 we can notice that the polynomial P6(x) can be transformed into polynomial of 3 rd degree
for s ∈ (0, 2.4649]. Using MATLAB software we can determine the real numerical factorization of the polynomial
where α = 8 and where
for I = √ −1 (imaginary unit). The polynomial P3(s) has exactly three simple real roots with a symbolic radical representation and corresponding numerical values s1, s2, s3 given at (24). Since P3(0) > 0 it follows that P3(s) > 0 for s ∈ (s1, s2), so we have following conclusions:
where √ s2 = 1.589 . . . > 1.57 .
According to the Lemmas 2.3. and 2.4. and description of the method based on (13) and (16), the following inequalities: cos y < T 
where Q20(x) is the polynomial
for x ∈ (0, 1.57]. Then, we have to determine sign of the polynomial
for x ∈ (0, 1.57], which is the polynomial of 10 th degree. By substitution t = x 2 we can transform the polynomial Q10(x) into polynomial
for t ∈ (0, 2.4649]. The first derivate of the polynomial Q5(t) is the polynomial of 4
Using MATLAB software we can determine the real numerical factorization of the polynomial Q
where α = 1310720, p1 = −11.655 . . ., q1 = 34.966 . . ., p2 = −4.224 . . ., q2 = 74.457 . . . . Also, holds that inequalities p (t) has no real roots. Let us remark that roots and constants p1, q1, p2, q2 can be represented in symbolic form. The polynomial Q ′ 5 (t) is positive function for t ∈ R therefore the polynomial Q5(t) is monotonically increasing function for t ∈ R. Further, the function Q5(t) has real root in a1 = 2.464993 . . . > 2.4649 and Q5(0) < 0, so we have that the function Q5(t) < 0 for t ∈ (0, a1) which follows that the function Q10(x) < 0 for x ∈ (0, 1.57]. After all we can conclude following:
Let us remark that we can easily calculate the real root a1 of the polynomial Q5(t), and with arbitrary accuracy because Q5(t) is a strictly increasing polynomial function. This also determines x * = √ a1 = 1.570029 . . . (> 1.57) as the first positive root of the polynomial Q20(x) defined at (27).
(A/II) x ∈ 1.57,
Let us define the function:
Using the factorization of the polynomialP7(x) we havê
for x ∈ (0, c1). The second derivate of the polynomialP6(x) is the polynomial of 4
Factorization ofP
is quadratic polynomial with two simple real roots:
with values α = 20, x1 = −1.327 . . ., x2 = 4.469 . . . . It holds that next inequalities are trueP
Therefore, for chosen interval x ∈ (0, c1) the polynomialP ′′ 6 (x) has no roots. Sincê P ′′ 6 (0) < 0, the polynomialP ′′ 6 (x) is negative function for x ∈ (0, c1) andP ′ 6 (x) is monotonically decreasing function for x ∈ (0, c1). Furthermore, as the polynomialP ′ 6 (c1) > 0 it follows that the polynomialP ′ 6 (x) is positive function for x ∈ (0, c1), and the polynomialP6(x) is monotonically increasing function for x ∈ (0, c1). Because ofP6(0) > 0 we conclude following:
According to the Lemmas 2.3. and 2.4. and description of the method based on (14) and (17), the following inequalities: cos y < T 
(44) Then, we have to determine sign of the polynomial
for x ∈ (0, c1). The fourth derivate of the polynomialQ8(x) is the polynomial of 4
Using MATLAB software we can determine the real numerical factorization of the polynomialQ (x) has exactly four simple real roots with a symbolic radical representation and the corresponding numerical values: x1, x2, x3, x4. Therefore, the polynomialQ (iv) 8 (x) has no roots for x ∈ (0, c1). SinceQ 
After all, we conclude following:
Hence we proved that the function f (x) is positive on interval x ∈ (0, 1.57] we conclude that the function f (x) is positive on whole interval x ∈ 0,
(B) Let us now prove the right side of inequality. If we write inequality in the following form
The inequality (50) is equivalent to the mixed trigonometric inequality
, and h1
(B/I) x ∈ (0, 1.53] Let us determine sign of the polynomial h3(x). As we see, that polynomial is the polynomial of 9 th degree
32 45
Using factorization of the polynomial P9(x) we have
for x ∈ (0, 1.53]. Introducing the substitution s = x 2 we can notice that the polynomial P6(x) can be transformed into polynomial of 3 rd degree
s ∈ (0, 2.3409]. Using MATLAB software we can determine the real numerical factorization of the polynomial
where α = 2712.204 . . ., s1 = −2.221 . . ., p = −6.751 . . ., q = 150.759 . . . whereby the inequality p 2 − 4q < 0 is true. The polynomial P3(s) has exactly one real root with a symbolic radical representation and corresponding numerical value s1. Since P3(0) > 0 it follows that P3(s) > 0 for s ∈ (s1, ∞), so we have following conclusions: 
where Q22(x) is the polynomial
Q22(x) =
Then, we have to determine sign of the polynomial 
Using MATLAB software we can determine the real numerical factorization of the polynomial (B/II) x ∈ 1.53,
Let us define the function
where x ∈ (0, c2) for c2 = Let us determine the sign of the polynomial
for x ∈ (0, c2) wherê
The second derivate of the polynomialP6(x) is the polynomial of 4 th degreê
The polynomialP ′′ 6 (x) has no real numerical roots for interval x ∈ (0, c2) whereby the functionP ′′ 6 (x) is positive function for x ∈ (0, c2). That further means that the functionP ′ 6 (x) is monotonically increasing function for x ∈ (0, c2). The functionP ′ 6 (x) has root for x = π 2 , also holds thatP ′ 6 (c2) < 0, so we can conclude that P ′ 6 (x) < 0 for x ∈ (0, c2) and the function P6(x) is monotonically decreasing for x ∈ (0, c2). The function P6(x) has no roots for x ∈ (0, c2) and P6(c2) > 0 so we have the following:P
According to the Lemmas 2.3. and 2.4. and description of the method based on (14) and (17), the following inequalities: cos y > T (y)(k = 1) are true, for y ∈ 0, (k + 3)(k + 4) . For x ∈ (0, c2) it is valid: 
for x ∈ (0, c2). The fourth derivate of the polynomialQ8(x) is the polynomial of 4 th degreê
Using MATLAB software we can determine the real numerical factorization of the polynomialQ
with values α = 7.29 . . . 10 7 , p1 = −0.798 . . ., q1 = 1.417 . . ., p2 = −6.27 . . ., q2 = 11.111 . . . . Also, holds that inequalies p 8 (x) > 0 for x ∈ (0, c2) ⊂ (0, 1.16834 . . .) and the functionQ8(x) is monotonically increasing function for x ∈ (0, c2). Since we have thatQ8(c2) < 0 and the functionQ8(x) has the first positive root x = 0.04383 . . . we can conclude following:
Hence we proved that the function f (x) is positive on interval x ∈ (0, 1.53] we conclude that the function f (x) is positive on whole interval x ∈ 0,
The proof of Theorem 2.2.
Transforming inequality (7) we have the following considerations.
(C) Let us prove the left side of the inequality
. The inequality (78) is equivalent to the mixed trigonometric inequality Using factorization of the polynomial P6(x) we have
for x ∈ (0, 0.98]. Using MATLAB software we can determine the real numerical factorization of the polynomial
with values α = −1.043 . . ., x1 = −1.524 . . ., x2 = 25.663 . . ., p = 0.046 . . ., q = 2.387 . . . . Also, holds that inequality p 2 − 4q < 0 is true. The polynomial P4(x) has exactly two simple real roots with a symbolic radical representation and corresponding numerical values x1, x2. Since P4(0) > 0 it follows that P4(x) > 0 for x ∈ (x1, x2), so we have following conclusion: 
where Q13(x) is the polynomial 
for x ∈ (0, 0.98]. Then, we have to determine sign of the polynomial
for x ∈ (0, 0.98], which is the polynomial of 7 th degree. The third derivate of the polynomial Q7(x) is the polynomial of 4 th degree
with values α = 1.301 . . . 10 6 , x1 = −14.400 . . ., x2 = −0.776 . . ., x3 = 0.174 . . ., x4 = 0.768 . . . . The polynomial Q ′′′ 7 (x) has exactly four simple real roots with a symbolic radical representation and the corresponding numerical values x1, x2, x3, x4. The polynomial Q ′′′ 7 (x) has two simple real roots on x ∈ 0, π 2 for x = x3 and x = x4.
Also holds that
is monotonically increasing for x ∈ (0, x3) ∪ (x4, ∞) and monotonically decreasing for x ∈ (x3, x4). Q 
Let us notice that x * = 0.98609 . . . is also the first positive root of the approximation of the function f (x), i.e. of the polynomial Q13(x), defined at (86).
(C/II) x ∈ 0.98, 
Using factorization of the polynomialP6(x) we havê
for x ∈ (0, c3). Using MATLAB software we can determine the real numerical factorization of the polynomial
where α = −2.086 . . ., x1 = −24.092 . . ., x2 = 3.094 . . . , p = −3.188 . . ., q = 4.927 . . . whereby the inequality p 2 − 4q < 0 is true. The polynomialP4(x) has exactly two simple real roots with a symbolic radical representation and the corresponding numerical values x1, x2. Since we have thatP4(0) > 0 and knowing roots of the polynomial P4(x) we have the following: (y)(k = 7) are true, for y ∈ 0, (k + 3)(k + 4) . For x ∈ (0, c3) it is valid:
whereQ13 (x) 
Then we have to determine sign of the polynomial 
for x ∈ (0, c3) which is the polynomial of 10 th degree. The sixth derivate of the polynomialQ10(x) is the polynomial of 4 th degreê
10 (x) = 151200(−128π 2 + 1280)x 4 + 60480(320π
Using MATLAB software we can determine the real numerical factorization of the polynomialQ(vi)
with values α = 2.523 . . . 10 6 , x1 = −9.183 . . ., x2 = −0.226 . . . , x3 = 1.117 . . ., x4 = 1.796 . . . . The polynomialQ (vi) 10 (x) has exactly four simple real roots with a symbolic radical representation and the corresponding numerical values: x1, x2, x3, x4. Since polynomialQ (vi) 10 (x) has root for x = x3 whereby theQ (vi) 10 (0) > 0 we have the followingQ (vi) 10 (x) > 0 for x ∈ (0, c3) ⊂ (0, x3) and also the polynomialQ 10 (x) > 0 for x ∈ (0, c3), alsoQ10(x) is monotonically increasing function for x ∈ (0, c3).Q10(x) has real root x = 0.66825 . . . andQ10(c3) < 0 which gives us followinĝ
Hence we proved that the function f (x) is positive for x ∈ (0, 0.98], we conclude that the function f (x) is positive for whole interval x ∈ 0, π 2 (D) Let us now prove the right side of the inequality
The inequality (103) is equivalent to the mixed trigonometric inequality 
Using factorization of the polynomial P7(x) we have
where 
Using MATLAB software we can determine the real numerical factorization of the polynomial P ′ 5 (x) = α(x 2 + p1x + q1)(x 2 + p2x + q2),
where α = 31.294 . . ., p1 = 1.004 . . ., q1 = 0.647 . . ., p2 = −2.68 . . ., q2 = 9.614 . . . whereby the inequalities p . Further, the polynomial P5(x) also has no real roots for x ∈ 0, 
Then, we have to determine sign of the polynomial Q6(x) = 2π 6 x 6 +(211π 6 −453600π 2 +4536000)x 4 +(529200π 
where x ∈ (0, c4) for c4 = 
Using factorization of the polynomialP7(x) we have:
P7(x) = − 
